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ABSTRACT

This paper presents a numerical investigation of the sound
directivity pattern of normal modes radiated from the open
end of a cylindrical pipe. A good agreement is found be-
tween the numerical results and the analytical predictions
of the directivity pattern for an unflanged pipe in the ab-
sence and in the presence of a low Mach-number mean
flow. The investigations are conducted by using an axisym-
metric two-dimensional lattice Boltzmann model. The nu-
merical model is first validated by comparing its directiv-
ity with the established analytical model by Levine and
Schwinger [1] for the case of zero mean flow. Then the nu-
merical results under the condition of mean flow with two
different Mach numbers are compared with the analytical
model by Gabard and Astley [2] and recent experimental
observations by Gorazd et al [3]. The effects of the so-
called zone of relative silence are observed in the results
even for very low Mach number (M = 0.036).

1. INTRODUCTION

The directivity characteristics of the acoustic wave radiat-
ing from the open end of cylindrical ducts have been inves-
tigated by many researchers over the last century. Much
attention has been focused on engineering cases, such as
exhaust pipes, ventilation systems, air-conditioning sys-
tems, etc. For musical instrument makers and researchers
of woodwind musical instruments, the direction-dependent
sound radiation characteristics of the external sound field
are also of great interest. This problem can be investigated
by analytical, experimental, and numerical approaches.

Levine and Schwinger [1] proposed an analytical model
for the dominant mode propagation of sound out of a semi-
infinite circular duct in the absence of flow. Their solution
is based on the Wiener-Hopf technique, and gives rigorous
and explicit results including the reflection coefficient R,
the length correction l/a and the angular distribution of
the emitted sound radiation described as the power gain
function G(θ).
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In the so-called outlet problems, the sound propagation
out of a pipe carrying a non-zero mean flow is more com-
plex due to the interaction between the sound field and the
fluid field. Assuming a uniform flow, a thin vortex sheet
separating the jet and the surrounding fluid and a full Kutta
condition 1 at the edges of the open end, Munt [4] pro-
posed an expression for the far-field sound radiation for
the range of 0 ≤ ka ≤ 1.5 and M < 0.3, which also uses
the Wiener-Hopf technique and can be seen as an exten-
sion of Levine and Schwinger’s model. This solution was
elaborated by Rienstra [5] who introduced a complex pa-
rameter to take into account the effects of unsteady shed-
ding of vorticity in the vicinity of the trailing edge, with
particular attention to the energy balance of the sound field
and the fluid field. Savkar [6] also presented an approx-
imate model for the sound radiation from a semi-infinite
circular duct by using a Wiener-Hopf analysis solved by
an approximate method. Based on the work of both Munt
and Rienstra, Gabard and Astley [2] presented an extended
model that includes a center body for the cases of annu-
lar pipe and proposed an explicit numerical procedure for
evaluating the solutions for higher frequencies (ka in the
range of 0− 60 and higher Mach numbers (in the range of
0− 0.8). The pressure directivity of any single mode or all
modes combined together can be derived from each of the
analytical models cited above.

The analytical models are useful for problems involv-
ing simple geometries and as benchmark solutions for nu-
merical simulations and experimental measurements. In
realistic situations, however, the geometric characteristics
of outlet systems, such as tailpipes and woodwind instru-
ments, are not limited to simple geometries such as the un-
flanged circular duct. For cases of complex geometries,
numerical approaches are more suitable.

In a recent example, Hornikx et al. [7] presented a nu-
merical solution for calculating the radiation sound field
emanating from an automotive exhaust pipe above a rigid
surface. Other examples of numerical methods for prob-
lems of sound radiation can be found in [8], [9] and [10],
to name just a few.

For the particular problems to be investigated in this pa-
per, a numerical approach in the time domain called the lat-
tice Boltzmann method (LBM) is used. The LBM is very
different from the traditional continuum-based techniques

1 The vortex layer leaves the edge of the cylinder with zero gradient.
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in that it directly simulates the propagation and collision
involving the space-time evolution of the fluid particles in
a mesoscopic level rather than the pressure and velocity in
a macroscopic level. Here the particles are not real atoms
or molecules but rather velocity distribution functions rep-
resenting the probability of finding a population of fluid
molecules in a certain phase space.

The dynamic behavior of the populations are governed
by a space-temporal discretization of the Boltzmann equa-
tion, known as the lattice Boltzmann equation (LBE). The
macroscopic fluid properties, such as density, momentum,
internal energy, and energy flux, can be recovered from
the moments of the velocity distribution functions. Since
the Boltzmann equation describes the physical phenom-
ena of a fluid at a lower level and a smaller time scale,
the Navier-Stokes equations can be fully recovered from
the Boltzmann equation. The numerical solution of the
Boltzmann equation is relatively simple compared to the
Navier-Stokes equations, and can be implemented in a par-
allel computation scheme. This is advantageous for sim-
ulations of problems featuring complicated boundary con-
ditions and multiphase interfaces.

The LBM has been extensively used in hydrodynamic
problems, but only a few researchers have used the LBM in
the field of wind musical instruments and musical acous-
tics. Skordos [11] first simulated the interaction between
fluid flow and the acoustic waves within a flute-like instru-
ment at different blowing speeds by using a two-dimensional
lattice Boltzmann model.

In a series of simulations, da Silva et al [12–15] investi-
gated the sound radiation at the open end of axisymmetric
cylindrical pipes in terms of reflection coefficient, length
correction and directivity factor. In [12], the sound radi-
ation of the unflanged cylinder pipe immersed in a stag-
nant fluid is simulated. The simulation results in terms of
|R|, l/a and radiation directivity agree well with the ana-
lytical model for inviscid wave propagation by Levine and
Schwinger [1]. In [14], they investigated the influence of a
cold subsonic mean flow of low Mach number in the stag-
nant fluid, as well as the effects of circular horns of dif-
ferent radii of curvature at the open end of the cylindrical
pipe. Their simulation correctly demonstrates that a free
laminar jet is formed downstream from the open end due
to discharge of the upstream mean flow into the radiation
area. For the case of an unflanged pipe, the simulation data
in terms of |R| and l/a agrees well with the analytical so-
lution proposed by Munt [16] and the experimental data
obtained by Allam and Abom [17], where the maximum
value of the reflection coefficient is greater than one due
to the energy exchange between the vortex sheet and the
acoustic field. For the case of circular horns, their simu-
lation data is in accordance with the experiments carried
out by Peters et al. [18]. In a similar simulation [15], they
investigated a more realistic case of the effects of mean
flow corresponding to different dynamic playing levels for
a cylindrical pipe terminated by a catenoidal horn. The se-
ries investigations conducted by da Silva et al. demonstrate
that the lattice Boltzmann technique is a reliable numerical
tool for investigating musical acoustics problems that in-

volve a radiating waveguide and a low Mach number fluid
flow.

The objective of this paper is to investigate the pressure
directivity of sound waves as they propagate into the far
field from the open end of a cylindrical duct issuing a sub-
sonic cold mean flow. The investigations are conducted
by using the lattice Boltzmann method to represent a two-
dimensional radiation domain. This paper is structured as
follows: Section 2 describes the numerical technique used
in the study. In Section 3, the simulation results are com-
pared to the analytical model by Levine and Schwinger and
the experimental observations by Gorazd et al. for the case
of no flow, and to the analytical model by Gabard and Ast-
ley and the experimental observations by Gorazd et al. for
the case of low Mach number mean flow. The phenomenon
of the zone of relative silence is discussed for two different
Mach numbers. Finally, Section 4 provides a discussion of
the results and suggestions for further investigations.

2. NUMERICAL PROCEDURE

The purpose of the LBM scheme presented here is to re-
produce the sound radiation at the open end of a cylindri-
cal duct in the presence of a low Mach subsonic cold mean
flow. General descriptions of the lattice Boltzmann method
can be found in books by Succi [19] and Gladrow [20].

The LBM scheme is described by an axisymmetric cylin-
der structure immersed in a fluid domain surrounded by
open boundaries, as illustrated in Fig. 1. The fluid domain
defined by an axisymmetric half-plane is represented by
a rectangular D2Q9 structure [21] of 1000 by 500 lattice
cells. The left, top and right boundaries of the radiation do-
main are implemented by absorbing boundary conditions
prescribed with a zero velocity, as proposed by Kam et
al. [22]. The boundary representing the axis of symme-
try of the system, along the bottom, is implemented by a
free-slip boundary condition. The axisymmetric nature of
the system is recovered by using an axisymmetric source
term [23, 24].

The length and the radius of the cylindrical waveguide
is L = 469.5 and a = 10 in lattice cells, respectively.
The walls of the waveguide are represented by a boundary
of zero thickness [25, 26]. The outer walls are treated by
a simple bounce-back scheme [19] for which the viscous
boundary phenomena are represented with second-order
accuracy, while the inner walls are treated using a free-
slip scheme in order to reduce the viscous boundary layer
effects that result in a transfer of momentum by the tan-
gential motion of particles along the walls. To ensure the
numerical stability and to make the viscosity as small as
possible, the relaxation time is set to τ = 0.5714, which is
equivalent to a dimensionless kinematic viscosity of ν =
0.0238. 2 The undisturbed fluid density was set as ρ0 =
1.0 kg/m3 for convenience.

The system is excited by a source signal that consists of a
linear chirp signal running from ka = 0.1 to ka = 3.8 (up

2 The physical kinematic viscosity is related to the dimensionless kine-

matic viscosity by ν∗ =
νc∗sDx

cs
, where c∗s is the physical speed of the

sound, cs is the speed of sound in lattice unit,Dx is the ratio of the phys-
ical length and the lattice length.
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to the cut-on frequency of the first symmetric non-planar
axial mode) superimposed on a DC offset representing the
non-zero mean flow. The excitation is implemented by a
source buffer at the left end of the pipe using absorbing
boundary conditions with a non-zero target velocity pre-
scribed by the source signal. Before the acoustic source is
superimposed, there should be enough initialization time
to allow the fluid in the whole domain to accelerate from
stagnation to a stationary state. The minimum initialization
steps can be estimated by

Nt ∼ Nt0 + Lx/(M ∗ cs),

where Nt0 = 4000 is the acceleration time for the source
buffer with thickness equivalent to 60 cells [14], cs =
1/
√
3 is the speed of sound in lattice units, M is the Mach

number of the non-zero mean flow and Lx = 1000 is the
maximum traveling distance of the plane sound wave in
the radiation domain in this system. For example, the min-
imum initialization steps corresponding to the Mach num-
ber of M = 0.036 is Nt = 5.21× 104. The highest Mach
number used in this paper is M = 0.15, which makes the
flow slightly compressible. However, the numerical model
is still valid because the slightly unsteady compressible
form of the Navier-Stokes equations can be fully recovered
from the isothermal form of the Boltzmann equation by
performing the Chapman-Enskog expansion, as described
in [21] and [20].

The time histories of fluid density are probed at 75 points
evenly distributed around the semi-circle (corresponding to
angle increments of 2 degrees), with the center point at the
outlet of the duct in the range of θ = 0◦ to θ = 150◦. The
measuring distance is d = 250 cells from the outlet. The
acoustic pressure p is calculated by

p(θ, t) = (ρ(θ, t)− ρ0)c2s, (1)

where ρ(θ, t) is the spontaneous fluid density and ρ0 is the
equilibrium density. For the case of zero mean flow, ρ0 is
nearly a constant and usually has the value of 1. For none-
zero mean flow, however, ρ0 in the vicinity of the probing
points fluctuates over time and the fluctuating density can
not be calculated by simply subtracting 1 from the spon-
taneous fluid density. For such a case, a zero-phase DC-
blocking filter can be used to remove the offset caused by
the flow.

Once the time history of acoustic pressures has been ob-
tained, the pressure directivity can be calculated by

G(θ, f) =
P (θ, f)

Ph
, (2)

where P (θ, f) is obtained by performing a DFT on the
time history of sound pressure p(θ, t) measured at the same
distance d, Ph =

√∑
P 2(θ)/N is the square root of the

averaged value of P 2(θ, f) over all the measured angles.

3. RESULTS

3.1 Directivity in the absence of mean flow

The LBM scheme in the absence of mean flow is first val-
idated by comparing its results with the established ana-
lytical model proposed by Levine and Schwinger [1] in

Figure 1. LBM scheme

the form of relative pressure directivity. For six different
frequencies expressed in terms of the Helmholtz number
(ka = 0.48, 1, 2, 2.5, 3, 3.5) that are below the cut-on
frequencies of higher-order modes, the numerical simula-
tions are in good agreement with the analytical results, as
shown in Fig. 2. The tiny ripples found for ka = 0.48 and
ka = 1 in the numerical results can be explained by the
fact that G(θ) should be measured in the far-field condi-
tion, which is not fully satisfied for low frequencies given
the size of the lattice (1000× 500 cells) and the measuring
radius (250 cells) used in this paper (due to computation
time limits). Not surprisingly, the results for higher fre-
quencies (ka ≥ 2) are smooth and the ripples are barely
observed. To evaluate the far-field condition in this simu-
lation, we measured the acoustic impedance Z as a func-
tion of ka at a distance d = 250 and angle φ = 0 from
the outlet of the pipe. As depicted in Fig. 3(a), the am-
plitude of the impedance Z quickly converges to the char-
acteristic impedance of the medium, Zc = ρ0c

2
s, for val-

ues of ka ≥ 1. A similar phenomenon can be found for
the phase between the acoustic pressure and particle ve-
locity, φ, which gradually converges to zero for ka ≥ 2,
as depicted in Fig. 3(b). The results suggest that the far-
field condition is not fully satisfied for ka < 1, while for
ka ≥ 1, the acoustic impedance Z of the spherical wave
propagating into the radiation domain approximates that of
a plane wave.

From Fig. 2(f), we can observe smoothing of directiv-
ity characteristics of numerical results in the vicinity of
θ = 100◦ compared to that of the analytical results for
the high frequency ka = 3.5. That might be attributed
to the issue that, in the numerical simulation, there may
be some transfer of energy from the exciting chirp signal
to higher-order modes, while for the case of the analyti-
cal model, no higher modes are involved and the energies
are exclusively coming from the dominant plane mode. A
similar phenomenon was reported in a recent experimen-
tal measurement conducted by Gorazd et al. [3], where
the curves presenting the directivity characteristics of the
experimental results (excited by broadband noise) around
θ = 100◦ and for higher frequencies (ka ≥ 2.96) are
smoothed comparing to those analytical results obtained
for a single-frequency exciting signal.

In the next step, the numerical and analytical results are
compared with the experimental results by Gorazd et al. [3]
in the form of relative pressure directivity. The experiment
involved an unflanged radiating waveguide set-up with free
field conditions in an anechoic chamber, which is compa-
rable to the solid pipe wall and absorbing boundary con-
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dition used in the numerical simulation. All three results
(numerical, analytical and experimental) have been nor-
malized to the same dB level, as depicted in Fig. 4. For
the two lower frequencies of ka = 0.74 and 1.48 and for
angles within the range of 0◦ < θ < 90◦, the three re-
sults are in good agreement with each other, despite the
fact that the measurements are carried out using 1/3 oc-
tave broadband noise and the calculation of numerical and
analytical results are based on a single frequency. As the
angle increases, the measurements are still in good agree-
ment with the analytical results, though the numerical re-
sults have discrepancies less than 3 dB compared to the an-
alytical results. For the higher frequency of ka = 2.96, the
numerical results are in good agreement with both the an-
alytical results and the measurements for angles within the
range of 0◦ < θ < 75◦. As the angle increases from 75◦

to 150◦, both the measurements and the numerical results
deviate from the analytical results, but in opposite ways.
Compared to the analytical results, the highest discrepan-
cies are found at the largest angle of θ = 150◦, which is
+3.8 dB for the measurements and−2.6 dB for the numer-
ical results, respectively.

0 50 100 150
−35

−30

−25

−20

−15

−10

−5

0

5

θ (deg)

G
(θ

) 
in

 d
B

(a)

0 50 100 150
−35

−30

−25

−20

−15

−10

−5

0

5

θ (deg)

G
(θ

) 
in

 d
B

(b)

0 50 100 150
−35

−30

−25

−20

−15

−10

−5

0

5

θ (deg)

G
(θ

) 
in

 d
B

(c)

0 50 100 150
−35

−30

−25

−20

−15

−10

−5

0

5

θ (deg)

G
(θ

) 
in

 d
B

(d)

0 50 100 150
−35

−30

−25

−20

−15

−10

−5

0

5

θ (deg)

G
(θ

) 
in

 d
B

(e)

0 50 100 150
−35

−30

−25

−20

−15

−10

−5

0

5

θ (deg)

G
(θ

) 
in

 d
B

(f)

Figure 2. Comparison between numerical (solid) and an-
alytical predictions [1] (- - - -) of the acoustic pressure di-
rectivity as a function of the angle in the absence of a mean
flow: (a) ka = 0.48, (b) ka = 1, (c) ka = 2, (d) ka = 2.5,
(e) ka = 3, (f) ka = 3.5.
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Figure 3. Evaluation of the far-field condition in terms of
acoustic impedance in the radiation domain: (a) amplitude
of acoustic impedance, (b) phase of acoustic impedance.
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Figure 4. Comparison between numerical (solid), ana-
lytical predictions [1] (- - - -) and experimental measure-
ments [3] (+ + + +) of the acoustic pressure directivity as
a function of the angle in the absence of a mean flow: (a)
ka = 0.74, (b) ka = 1.48, (c) ka = 2.96.

3.2 Directivity in the presence of mean flow

For the case of a cold mean flow with a low Mach number
(M = 0.036), the numerical results are compared with the
theoretical prediction given by Gabard and Astley [2] as
well as the recent experimental results obtained by Gorazd
et al. [3] in the form of normalized pressure directivity, as
depicted in Fig. 5. All three results (numerical, analyti-
cal and experimental) have been represented in the form of
pressure directivity and normalized to the same dB level.

In general, the results are in good agreement for angles in
the range 0◦ < θ < 60◦. Discrepancies between the nu-
merical and analytical results become more obvious as the
angle increases and the maximum differences are found to
be at θ = 150◦, i.e., -3.11 dB for ka = 0.74, -2.22 dB for
ka = 1.48 and -2.3 dB for ka = 2.96, respectively. For all
three frequencies and for most angles, the analytical solu-
tion is located between the numerical and the experimental
results.

For the case of a cold mean flow with a higher Mach num-
ber (M = 0.15), the numerical results are compared with
the theoretical prediction only, since no experimental re-
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sults are available from Gorazd et al. for M = 0.15. The
comparisons are depicted in Fig. 6. In general, good agree-
ment is found for angles in the range 30◦ < θ < 150◦.
For most angles, the discrepancy from the theory is less
than 3dB. The deviation of the simulation from the theo-
retical results is mainly found in the region of angles less
than 30◦. The smoothing of the curve representing the nu-
merical results versus the analytical results in the region
90◦ < θ < 120◦ for the high frequency of ka = 3.77, as
depicted in Fig. 6(d), might be due to the transfer of en-
ergy from the exciting chirp signal to higher-order modes,
as discussed before.

An important feature of the directivity characteristics in
the presence of a non-zero mean flow concerns the so-
called “zone of relative silence”, where the sound wave
in the vicinity of the axis is subject to additional attenua-
tion. The result from the theoretical analysis of Savkar [6]
and Munt [4] suggests that, for high frequencies and large
Mach numbers, the zone of relative silence is so obvious
that a cusp can be observed at θ = θs in the directivity pat-
tern. Assuming that the medium outside the duct is stag-
nant and the speed of sound remains constant, the zone of
relative silence is defined by [6]

θs = cos−1

(
1

1 +M

)
, (3)

where M is the Mach number inside the duct.
Even for the low Mach number M = 0.036, the zone of

relative silence (θs = 15.15◦) can be observed in both the
experiments and the numerical results for ka = 2.96, as
depicted in Fig. 5(c). For the case of higher Mach number
M = 0.15, the zone of relative silence (θs = 29.59◦) is
more obviously observed in the numerical results for all
four frequencies (ka = 0.74, 1.48, 2.96 and 3.77).
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Figure 5. Comparison between numerical (solid), analyti-
cal [2] (- - - -) predictions and experimental measurements
[3] (+ + + +) of the acoustic pressure directivity as a func-
tion of the angle in the presence of a mean flow at Mach =
0.036: (a) ka = 0.74, (b) ka = 1.48, (c) ka = 2.96.
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Figure 6. Comparison between numerical (solid) and ana-
lytical predictions [2] (- - - -) of the acoustic pressure direc-
tivity as a function of the angle in the presence of a mean
flow at Mach = 0.15: (a) ka = 0.74, (b) ka = 1.48, (c)
ka = 2.96, (d) ka = 3.77.

4. CONCLUSIONS

In this paper, we presented a numerical technique based on
an axisymmetric two-dimensional lattice Boltzmann scheme
to predict the directivity pattern associated with the sound
radiation at the open end of cylindrical ducts issuing a low
Mach number cold subsonic jet into a stagnant fluid region.

The LBM scheme was first validated by comparing its
results with the analytical model of Levine and Schwinger
and experimental results of Gorazd et al. for the case of no
flow. Then for the case of non-zero mean flow, the numer-
ical results were compared with the theoretical prediction
given by Gabard and Astley for Mach number M = 0.036
and M = 0.15 as well as experimental results obtained
by Gorazd et al. for Mach number M = 0.036. Very good
agreement was found with theoretical and experimental re-
sults for the case of no flow and the lower Mach number
of M = 0.036. For the relatively higher Mach number of
M = 0.15, the numerical result agrees very well with the
theoretical prediction for angles greater than 30◦, though
significant discrepancies are observed for angles less than
30◦. The effects of the so-called zone of relative silence are
clearly observed in the results of non-zero mean flow even
for very low Mach number (M=0.036). This is interesting
for the studies of the sound radiation of woodwind instru-
ments, which normally exhibit a very low Mach number
flow.

The aforementioned discrepancies for the case of θ <
30◦ and M = 0.15 are not well explained yet. For further
investigations conducted by either experimental measure-
ments or numerical simulations, some facts might be con-
sidered. The theoretical model assumes an infinitely thin
vortex sheet separating the jet and the neighboring quies-
cent fluid, which is not true for far field in real situations
as well as the numerical simulations presented here. In ad-
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dition, it was found in the numerical simulation presented
here that the directivity pattern in directions close to the
axis is very sensitive to the probing distance.
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