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Isospectral Drum Investigation

Wave equations and physical-modeling algorithms are typically found together. When
referring to a Riemannian manifold being excited with a rigid boundary, or edge of a drum, a
wave propagates from the point of origin and bounces from boundary to boundary until all the
concentrated wave energy in the system diffuses and dissipates.

For any point on the surface of a Riemannian manifold, we can relate its location to the
manifold in terms of an x coordinate and y coordinate. Points inside and on the boundary are
separated, because the rigid boundary has no movement and it has a constant rate of diffusion
which acts on the surface of the drum. We evaluate the movements of the points inside the
boundary while the membrane moves and stretches over time as the wave travels towards the

boundary and back using the finite difference method. If we take a snapshot of this concentration

of energy at two points, the diffusion theory can be represented as follows:

Mark Kac, 1966

The available frequencies that make up the sound of our system are the eigenvalues of the
Laplacian. Furthermore, the concentration of energy can also be expressed in the form of

eigenvalues and normalized eigenfunctions as the sum of the eigenfunction at the point of
interest as in the following:
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Mark Kac, 1966



In 1966, Mark Kac asked if it was possible to have two drum shapes that shared the same
set of eigenvalues and, if they did, would they sound the same or would we hear a difference
between them. Years later in Gordon et al. (1992), the authors discovered Riemannian manifolds,
or drum shape pairs, that shared the same Dirichlet spectra and Neumann spectra. This
effectively means that the first isospectral drums in two dimensions were found. Using multiple
functions within Matlab, we can evaluate those shapes and observe if they share the same

eigenvalues. We can also plot their modes of vibration and compare them to one another.

Figures 1 and 2 — First pair of drum shapes with overlapping modes 2 (blue solid lines) and 4 (red
dashed lines)

Figures 3 and 4 — Same as figures 1 and 2, but the drum shapes are flipped and rotated with
overlapping modes 2 (blue solid lines) and 4 (red dashed lines).



Figures 5 and 6 — Isospectral figures in the Gordon et al. (1992) paper with overlaying modes 2
(blue solid lines) and 4 (red dashed lines)

Let us inspect the lines that start and end at the boundary because those lines delineate
places where the membrane would not move for a specific mode of vibration. If we strike the
drum at any point on those lines, we are cancelling that particular mode of vibration by exciting
that section of the shape which would normally remain stationary for that mode. If two or more
modes are cancelled by striking such intersections in one shape and an equivalent intersection at
the same modes does not exist in the other shape, there should be an audibly noticeable
difference, even more so in the lowest modes of vibration. We can observe, when overlaying two
vibrating modes, that some of these lines overlap in figure 1 but not in their isospectral
counterpart in figure 2, and that the same occurs in figure 3 but not in figure 4. As a result, we
can determine that areas exist on the surface of these drums that have no equivalent sounding
counterpart in its isospectral pair and, as we stack modes on top of each other, we uncover more
of these as well. Ultimately, it should be possible to differentiate the sound between two

isospectral drums because of the difficulty in finding equivalent points to strike on both surfaces.



Bibliography

Arendt, W., A. F. M. Ter Elst, and J. B. Kennedy. 2014. “Analytical Aspects of Isospectral
Drums.” Operators and Matrices, no. 1: 255-77. doi:10.7153/0am-08-14.

Band, R., A. Sawicki, and U. Smilansky. 2011. “Note on the Role of Symmetry in Scattering
from Isospectral Graphs and Drums.” Acta Physica Polonica A 120 (6A).
doi:10.12693/aphyspola.120.a-149.

Driscoll, Tobin A. "Eigenmodes of Isospectral Drums." SIAM Review 39, no. 1 (1997): 1-17.
http://www .jstor.org.proxy3.library.mcgill.ca/stable/2133002.

Gordon, Carolyn, David L. Webb, and Scott Wolpert. 1992. “One Cannot Hear the Shape of a
Drum.” Bulletin of the American Mathematical Society 27 (1): 134-39.
doi:10.1090/s0273-0979-1992-00289-6.

Gordon, Carolyn, and David Webb. 1996. “You Can’t Hear the Shape of a Drum.” American
Scientist, January, 46-55.

Kac, Mark. 1966. “Can One Hear the Shape of a Drum?” The American Mathematical
Monthly73 (4): 1. doi:10.2307/2313748.

Leissa, Arthur. 1993. Vibration of Plates. U.S.: for the Acoustical Scociety of America through
the American Institute of Physics.

Moon, C. R., L. S. Mattos, B. K. Foster, G. Zeltzer, W. Ko, and H. C. Manoharan. 2008.
“Quantum Phase Extraction in Isospectral Electronic Nanostructures.” Science 319
(5864): 782—87. doi:10.1126/science.1151490.

Zuluaga, S., and F. Fonseca. 2011. “Can’t One Really Hear the Shape of a Drum?”” Acoustical
Physics57 (4): 465—72. doi:10.1134/s106377101104021x.



