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A. FORWARD PASS (FILTERING) DERIVATION
The forward pass calculates the statistics of the marginal distribution

p(Yn|xn)qx(Xn|Y1'n—l)
qx(xn|y :n) = Y (1)
! Ix (Y |Y1:n-1)

= N (%t V). @

The predictive distribution ¢y (X, |y1.,,_1 ), marginal likelihood ¢x(y,,|¥1.,,_1)> and marginal posterior ¢x (X, |y., ) are derived
in turn. These derivations involve quadratic forms of random variables, as detailed in Section D, and Schur complements,
provided in Section E.

A.1. Predictive distribution

First, we evaluate the predictive distribution and show that it is Gaussian distributed with mean m,,_; and covariance P,,_;. We
retrieve the predictive distribution by marginalizing out x,,_; from the transition probability weighted by the previous marginal:

(Xl 1) = / P % 1) (1Y 1) 3
= /N(Xn\Aanl + Buy, QN (Xn—1]ty—1, Vi—1)dXn—1 4)
:N(Xn|mn—1aPn—1) (5)

Collecting the quadratic terms over x,, and x,,_1, we get

Qn=V,5, +(ATQ'A) ©)
= Vi1 +Baga+ (ATNQT)(A) ™
Q12 = (AT)(Q7) ®)
Q21 = (Q7){A) ©)
Q22 =(Q7) (10)
Using the Schur complement (refer to Section E for complements) gives the following analytic inverse
P, = (22— 92191_11912)_1 (11)
= Qg5 + 0oy W F1' Q15025 (12)
where
Fil = (Qn — 9005 0,) . (13)
Substituting in and simplifying gives
Fii = (Vali + Zaga + (ATHQ)(A) - (ATQHQTTT(Q)(A) (4)
= (Vi + Baga + (ATHQTTA] — (ATHQTA)) (15)
= (Vi1 +2aga) (16)

It is computationally costly and numerically problematic to invert V;il at every time n. We apply the Woodbury matrix
identity to retrieve the following preferred analytic expression for Ffll,

_ _ 1
Fii' = (V.1 +Zaa) (17)
=V,1 = Vo1 (I+2a0aVa-1) 'Zaga Va1 (18)
=(I-Voo1(I+2404Vy-1)""Za04a) Vi (19)

=Gn1 Vi (20)



where we have defined
Gu1=I1-V, 1 (I+34gaVa_1) 'Baga. (21

Substituting this result back into the expression for the covariance P,,_; and simplifying gives

Pn—l == Q;; + 92721921]?171191292721 (22)
= <Q71>71 +(Q=hH~= YAYG)n — 1Vn_1<AT> -1 == (23)
=(Q) + <A>Gn_1Vn_1<AT>. (24)

Next, we derive the expression for the mean m,,_;. Completing the square for x,, and x,,_1, the linear terms over x,,_;
and x,, are as follows.

6=V, pn, —(ATQ'B)u, (25)
= V’r:illu’n—l - <<AT><Q71><B> + Z:AQB)un (26)
£ =(Q7")(B)u, 27
The mean is then given by
m, 1 =P, (£ — 21 Q' 4). (28)

Using the Schur complement, we have

P, 1997 = Fprl Q0 Q1 (29)
= Q5 Qo F} (30)
= (Q 1= YWAYG, 1V, 1 (31)
=(A)G,-1 V1. (32)

Substituting this term back into the expression for the mean and simplifying gives the following.

m,_ 1 =P, (£2 + leﬂﬁlel) (33)
=P,_16s + Pn71921Q1_11£1 (34)

= ((Q) + (A)G, 1V, 1 (AN))(Q7)(B)u, (35)

+ (A)Gn 1 Va1 (Vi ity — ((ATHQ)(B) + Sagn)uy) (36)
:W<B>un + <A>Gn—1v 71><B>un (37)
+(A)G 1V ne1Mn 1 — (A)Gr V. “H{B)u, - (A)Gn-1Vn1ZagBun (38)

= <B>un + <A>Gn—1u/n_1 - <A>Gn—1vn—1EAQBun 39)

In summary, the marginalizing over x,,_1 gives the predictive distribution

QX(Xn‘Y1;n71) = N(X’n‘mn717 Pnfl) (40)
where
Gno1=I-V, 1(I+24aVn-1)""Baga (41)
m, 1 = (A)Gy 1 (M1 — Va1 agpu,) + (B)u, (42)
P,1=(A)G,_1V,_1(AT) +(Q). (43)

Initially at time n = 1, the predictive distribution is simply equal to the prior over the initial state p(x;1) = N (x1|myg, Pp).



A.2. Marginal likelihood

Next, we derive the normalization term for the marginal posterior probability. The distribution is found by taking the integral
over (marginalizing out) x,,, resulting in a Gaussian distribution with mean denoted by y,, and covariance denoted by S,,,

qx(yn|y1:n71) = /p(yn|xn)qx(xn|y1:n71)dxn (44)
= /N(yn|an + Du,, R)N (x,|my,_1,Pp_1)dx, 45)

Collecting the quadratic terms over x,, and y,,:

Q=P +(C'R"'C) (47)
=P, 1, +3cre +(CHRT)(C) (48)
Q= (CHR™ (49)
Q1 = (R71)(C) (50)
Q2 = (R7). (51)
Using the Schur complement, we have
Sy = (22 — 21021 Q5) (52)
= Qo) + Q00 Qo F Q12055 (53)
where
1
F = (41 — Q1295 Q1) (54)
_ _ LTy — -1
= (P21, + Zore + (CTHRH)(C) - <CT>W<R )(C)) (55)
= (P, 11 + Yoro HQ/%R/LRC/ (CHRA(C)) (56)
— (P +Zcre) (57)
The Woodbury matrix identity is used to get the following preferred form for F1_11 ,
_ _ -1
Fi' = (P.1 + Scre) (58)
= Pnfl - Pnfl (I + Z:C’RC:Pnfl>_1§JCRC:PTL71 (59)
=(I-Pu1(I+ZcrcPn-1) 'Scrc)Pn (60)
=L, 1Py (61)
where we have defined
L,—1 =1-Pyu_1(I+ScrcPu1)” Bcne. (62)
Substituting in and simplifying the expression for the covariance S,
Sn = Qo5 + Qo Qo1 F11 Q1005 (63)
=R H 1+ (RH= Y(C)Ly,_ 1P, (CTY(RZIHRH (64)
= (R) + (C)L,_1P,_1(C"). (65)

Next, we derive the expression for the mean y,,. Completing the square for y,, and x,,, the linear terms are factored as
6 =P;''m, , — (C'R"'D)u, (66)

=P, ' m,_; — ((C")(R"")D)+ Zcrp)un, (67)
£, = (R (D)u,. (68)



The mean is then given by
Yn = Sn (2 — Q21971 £1).
Using the Schur complement, we get
S, Q) = Fypl Q1 Q)
= 05, Qo Fy}
= (R-L\= WC)L,_1P,_1
= <C>LTL—1PTL—1'
Substituting this term back into the expression for y,, and simplifying, we get
Yn=Sn (52 + 921Qf11£1)
=Sl + 8,004,
= (<R> + <C>Ln71Pn71<CT>)<R_1><D>un
+(C)Lp—1Ppi (Pl my—y — ((CTHR YD) + Zcrp)uy)
= <D>un + <C>Ln71mn71 - <C>Ln71Pn712CRDun'

In summary, the marginalization over x,, gives the marginal likelihood (filtered output probability)

qx(an’l:nfl) = N(y|yn7 S’n)

where

L,.1=1I-P,_; (I + ECRCPnfﬂ_lECRC
yn = <C>Ln,1 (mnfl - PnflchDun) + <D>un
Sn = (R) + (C)L, 1P, 1(CT).

A.3. Marginal posterior

Returning to the marginal posterior distribution, we substitute in the previously derived results and get

x(Knly1,) = (Y l%n) @ (Xn|Y1.0—1)
Gx(YnlY1n—1)
~ N(y,|Cx, + Du,, R)N (x,/m,,_1,P,,_1)
B N(Y|§na Sn)
=N (Xn|tty,, V).

The covariance V,, is found by completing the square for x,,,

V, = (P!, +(C"R™'C)) ™"
= (P11 + Zcre + <CT><R71><C>>_1'

The Woodbury matrix identity can again be applied to get this result into the preferred form. Let

Qll = —<R>
ng = <C>
2, = (CT)

Qo =P, ' +Zcre

(69)

(70)
(71)
(72)
(73)

(74)
(75)
(76)
(77)
(78)

(79

(80)
1)
(82)

(83)

(84)

(85)

(86)
87)

(88)
(89)
(90)
oD



then we re-write the expression for V,, and use the identity

V, = (R — 001051 Q5) 92)
= Q55 + Q) Qo Fiy Q120 (93)
where
Fi' = (Qu - 91292_21921)_1 (94)
= (= (R) — (C)(P,}, + Bepe) tevCT) (95)
= ~((R) + (C)L,_1P,_1(C")) (96)
=St (97)

Substituting back into the expression for V,, gives

Vi, = Qo + Qo Qi F Q100 (98)
=P, +Bore) ™ = (P + Bere) H(CT)S, O (P, L, + Zore) ™ (99)
=L, P, 1L, P, (C")S " {C)L, P, (100)
= (I- L, 1P, 1(CT)S,(C)) Ly 1P, (101)
= (I-K,(C))L,_1P,_4 (102)

where we have defined

K, =L, P, (C")S " (103)

n

In the non-Bayesian scenario (when the parameters are deterministic), K,, is called the Kalman gain. Lastly, the mean is found
by completing the square over x,,. Collecting the linear terms over x,, gives

p, = Vo (P Lim, s — ((CT)(R™)(D) + Scrp)un + (CTR)y,). (104)
Each term in the previous equation is addressed in order. First, we have
VP lim, o = (I K (C)) L1 PPy my, (105)

= (I - KTL<C>)L7L—1m‘I’L—1 (106)
=L,_im,_; — Kn<C>Ln71mnfl- (107)

Next, V,,(CT)(R ™) can be simplified. Recall from the conditional distribution that Q15 = (CTY(R™!), and V,, = Q7! =
P! + (CTR'C). Then,

V. (CHR™) = Q1 Qs (108)
=F ' Q1,05 Fy (109)
=LP,_1(CT)(BR-H-RT 'S, ! (110)
=LP, ,(C")S;" (111)
=K,. (112)

Substituting this term back into the expression for p,, and simplifying, we get

g, =V,(P,lim, 1 — ((CTYR D)+ Xcrp)u, + (CTR ™ Ny,) (113)
=V,P, ' im, ;- V,((CTYR YD)+ Zcrp)u, + V., (CTR y,) (114)
= Lnflmnfl - Kn<C>Ln71mn71 - Kn<D>un - VnECRDun + Knyn (115)
= Lnflmnfl + Kn (yn - <C>Ln71mn71 - <D>un) - VnECRDun (116)

- Lnflmnfl + Kn(yn - yn) - LnflpnflxcRDurv (117)



In summary, the forward pass computes the statistics of the marginal posterior probability, Vn € [1.. N]:

Ox(Xn|Y1.0) = N (Xn |, Vi) (1138)
where
K,=L, P, (C")s ! (119)
Hn - Lnfl (mnfl - PnflchDun) + Kn(yn - S’\n) (120)
V,=(I-K,(C))L,_1P,_1. (121)

This concludes the derivation of the forward pass.



B. BACKWARD PASS (SMOOTHING) DERIVATION

The backward pass computes the sufficient statistics of the marginal [1]

Ix(Xn|¥1:n) / (yn+1|Xn+1)p(xn+1|Xn)QX(xn+1|Y)
qx(yn-‘r1|y1 mn qx(xﬂ+1|y1:n+1)
_ x xnlyln / P Xt 0P K1 [Xn )P (K1 [Y) @ (et 120
Wfp(xn-ﬁ-l‘Xn)QX(Xn‘YLn)an
P(Xnt1[%0)p(Xn41|Y)
= @x(Xn|Y1. /
X( "| 1n) qx(X’VL+1|Y1:n)

4x(xn]Y) = dX,41

danrl

danrl

N(Xn+1|Axn + Buy,y, Q)N(Xn+1|ﬁn aanrl)
= N(xn|un,Vn)/ N T P +1 dXpa1
n s n

= N (xulfi,, V).
The square is completed over x,, and x,,_; to factor the quadratic terms
Qo =V, ' +(ATQ'A)
=V, +Za0a + (ATHQT)(A)
Q2 = (AT)(Q7)
Q1= (Q7)(A)
=V, +(Q ) P!

= Vo Q7 - (7 — (Vi 4+ (ATQTA)) THATHQTY)

=V QAN (Vi + Saga + <AT><Q—1><A>)’1<AT><Q—1>

and the linear terms
L=V 'u, —(ATQ'B)u,,

= Vglun - (<AT> <Q_1><B> + 2z‘lQB)u7z+l
~—1 B B
Kl = Vn—&-lu’n-&-l - Pnlmn + <Q 1B>un+1.

The covariance and mean are

vV, = = (D22 — Q7' Qu2) -

/,Ln = Vn (32 — 921911 El)

(122)

(123)

(124)

(125)

(126)

(127)
(128)
(129)
(130)

(131)
(132)
(133)

(134)
(135)

(136)

(137)
(138)

We will use results from matrix theory to get these results into a preferred form, reminiscent of the Rauch-Tung-Striebel (RTS)

smoother [2]. First the covariance. Using the Schur complement, we get

vV, = (22 — 92191711912)71

= Q2_21 + Q2_219211?1_1101292_21
The term F1}! is reduced to

_ _ —1
Fii' = (11 — 21205, Q1)

- (\7;; +(Q 1) (A) (V;1 +3

—(Q7)(A) (V2! + Baga+ (ATHQNA))

= (Vi)™

= Vn+1~

(139)
(140)

(141)

(142)

(143)

(144)
(145)



Next, the inverse of (295 is analytically expressed using the Woodbury matrix identity. Defining

A =—-(Q) (146)
A2 = (A) (147)
Ay = (AT) (148)
Aoy =V, '+ 404 (149)
the inverse is then
Q) = (Ag2 — A21A1711A12)71 (150)
= Ay + Ay Mg O A Ay (151)

The term A;; is simplified using equation (20) from the forward pass:

Ay = (V' + Saga)” (152)
=G, V,. (153)
Likewise, the term O7;' is given by
Oy = (A — A12A2_21A21)_1 (154)
= (—(Q) — (A)G,V,(AT) (155)
= (156)

These results are substituted into the equation for £25;':
D' = Ay + Az A O ApAgy (157)
=G,V, -G,V (AP, 1 (A)G,V,. (158)

Lastly, we can use another matrix identity to simplify the expression 92_215121.

—1

Q)1 = (V' + Zaga+ (ATHQTNA)) (ATHQT (159)
= (V' + Zaga) A ((Q) + (A} (V" + EAQA)*%AU)_1 (160)
= GV, (AT) ({Q) + (A)G,V, (AT)) (161)
=G,V (ATP ! (162)

. . . _ _ T . . ..
Putting this altogether, and noting that 9129221 = (9221921) , the covariance from the backward pass at time n is given by

V, = Q5 + Q5,1 Q0 F1 101,05 (163)
=G, V, -G, V,(A"P;YA)G,V, + G,V (AP, 'V, 1P, (A)G,V, (164)
=GV, + G,V (AHP, (V1 — P, )P (A)G,V, (165)
=GV, +3,(Voy1 —P,)I} (166)
where we have defined

J, =G, V,(AHP . (167)

Lastly, the mean f,, is given by
fip, = Vo (€2 + Q0107 2)) (168)
=V, V', =V, ((ATHQ ™ YB) + Zugr)unit + Va1 Q74 (169)
=V Vi, — Vo ATHQ DByt — VaZagsUnsr + Va1 Q7714 (170)



The left-most term, \Aan,_L 1 W, s
V.V, e, = (GnVn +3, (Va1 —P,)J )Vﬁlun
= (GuV + 30 (Vi1 = Po) P AV ) Vs,
= Gup, +Jn (VnJrl - n)P;1<A>Gnﬂn

= Gupt,, + 3, 2 (A)Gop, — I, PPT(A)Gp,

V,iiP
=Gupt,, + I Vi1 P HA)G o, — Jn(A>Gnun.

Next, \Afnﬂgl 91_11 can be evaluated using the Schur complement:
Vo Qo Q) = Fiy Q01 Q) = 05/ Q0 F

=G,V (ATP 'V,

- Jnvn+1.
Likewise, we can use the Schur complement to evaluate V., (AT)(Q ™).

Vo (ATHQ™) = Fay' Qa1 = Q) Q1 F ' Q1
- Jn{/n+1 Qll

We expand the last term \A/'nﬂgl Qﬁlﬂl as follows.

Vo Qo1 =3,V (Vo fi o — P =
n3a218811 £1 = Jp n+1( n+1Mn+1 n My +(Q B>un+1)

= Jnmﬁn+1 - Jn{}nJrlPr_len + Jn{}n+1<Q_1B>un+1
- Jnﬁn+1 - JnanrlP;lmn + Jn{}nJrl <Q_1B>un+1

The second term in the previous equation J n\A/nHP; 'm,, is further expanded to give

J.VoiPolm, = Jnf/n+1P;1(<A>Gnun + ((B) = (A)G, V., Zu0B)uni1)
= Jnv n <A> nMy + Jnvn+1P;1<B>un+1 - Jnvn+1P;1<A> Gn,VnZAQBu71,+1
= Jnvn+1P <A> nily, + Jnvn+1P;1<B>un+1 - Jnvn+1']r—,l;2AQBun+l~

Now we substitute all these terms back into equation (170) and get

B =V Vitip, — Vi (ATQ Y B)uyt — VT aopunst + Vi, Q010714

- Gnﬂn + Jnv 7_7, Gnﬂn - Jn<A>GnIJJn - Jnvn+1ﬂll<B>un+1 - vnzAQBun+1 + Jnﬁn+1
- Jn{f ; an,n - Jn{fn+1P;1<B>un+1 + Jn{fn+1J—7l;2AQBun+l + Jni\fn-&-l <Q71B>un+1

=Gup, +Jn (ﬁn+1 - <A>Gnl'l'n> — VT a08Uns1 + I Vi1 I S a0pUn 41
+ 3,V ((Q_1> -P,' - Q11) (B)un 41

=Gup, +Jn (ﬁn+1 - <A>Gn/'l’n> - \A/nZAQBunﬂ + Jn\A/'n+1JIEAQBUn+1
+J %( %J‘:) B)u,

= Gnll/n + Jn (ﬁn+1 - <A>Gnﬂn> - VnEAQBun+1 + Jn‘/\/nJrlJZEAQBunJrl - Jn<B>un+1

=Gup,, +J0n (ﬁn+1 —(A)Gup, — (B)upyr + vn—&-lJIEAQBurﬁl) - \A/nEAQBum—l'

(171)
(172)

(173)
(174)
(175)

(176)
(177)
(178)

(179)
(180)

(181)
(182)
(183)

(184)
(185)
(186)

(187)
(188)
(189)
(190)

(191)
(192)
(193)

(194)
(195)



Further simplification and rearrangement of terms gives

Ky, =Gop, +Jn (l/inJrl —(A)Gup, — (B)upyr + vn—&-l‘]leQBurwl) - vnzAQBun—O—l

=Gupty, + 0 (s — my, — (A)G V.3 40BUnt1 + {\77,+1JT2AQBU71+1) -V nEAQBUnt1

= Gty + I (fpyy — M) = I (A)G VB a0pUni + 3, Va1 I Zagptnyt — VS agpuagi
= Gty + I (Brsy — m,,) + (J V1 dT — 3, (AYG,V, — Vn) > AOBUn L1

= G, + 73, (unﬂ m,) + (J Vi dT = 3,P,IT - Vn)zAQBunH

=Gty + In(Bpgr — my) — G,V ZagpUpt1

=G, (un — VnEAQBunH) +J, (ﬁn+1 — mn).
In summary, the backward pass computes the statistics of the smoothed marginal posterior probability:
G (Xn|Y) = N (%nfi, Vi)
where

J, =G,V (A"HP !
ll’n = G’ﬂ (p‘n - VTLEAQBun+1) + J’ﬂ (Z]"nrl»l - mn)
V=G, V, +3,(Vp1 —P,)I.

This concludes the derivation of the backward pass (smoother) for the Bayesian linear dynamical system.

(196)
(197)
(198)
(199)

(200)

(201)
(202)

(203)

(204)
(205)
(206)



C. APPLICATION: VARIATIONAL M STEP DERIVATION

C.1. Joint distribution

The parameters of the Bayesian frequency estimation model are @ = (v, T, p). The joint distribution over the variables and
parameters is

p(Y,X,0) = p(Y|X, p)p(X|v, 7)p(v|T)p(T)p(p) (207)

where the conditional and marginal distributions are

p(Y|X, p) = [I)_ 1N (4n|Cxn, R) (208)
p(Xy, 1) = (Xl\mOaPO)Hn N (%0 |AX,—1, Q) (209)
p(w|T) = [T N (w0, 0 ') 210)
p(T) = H 1Gam (7 e, io) (211)
p(p) = Gam(plro, s0) 212)

C.2. Optimal distribution over parameters

The log optimal distribution over the parameters factors naturally as

Inge(0) = (Inp(Y, X, 0)),, (x) + const. (213)
=Inge(v,7) + Inge(p) (214)

The log optimal factors are derived in turn. First, we have

Inge(v,7) = (Inp(Y, X, 0)),, (x) + const. (215)
(Inp(X|v, T)) g (x) + Inp(v|T) + Inp(T) 4 const. (216)

The expected log likelihood of the latent state sequence is given by

K N N
T
(Inp(X[v, 7))gui0 = D (N = 1) In7g — 5’“Tr (Z(xn KXy k>> + 7 Tr <F > (%n1axy, k>)

k=1 n=2 n=2
N

+ v Tr <E Z<xn1,kxl’k>> — fTI‘ (F Z Xp—1,kXn—1 k>FT>

n=2

2 N N
— TV (E Z(xnlykxnl,;&ET) + v Tr (E Z<Xn1,kxn1,k>FT> +const.  (217)
n=2

2
n=2

The log prior distributions over v and T are, respectively,

K

lnpv|r) = Z Int, — akyk + const. (218)
k=1
K

Inp(T Z (eo — 1) InT, — igTx + const. (219)
k=1

The optimal distribution over these parameters is of the same form as the prior distribution (Normal-Gamma):

K
90V, 7) = @ (|T)gr (1) = [ [N (Wil o7y ) Gam(ri ek, i) (220)
k=1



The statistics of the optimal distribution are found by completing the square for v and collecting the In 75, and 73 terms from
the log optimal distribution above. They are given by

N —1
(Tr (EZ<Xn1kX-TI;1k>ET> + ak> (221)

Ok =
n=2
N N
Ur = o Tr (E <Z<xn1kx;k> - Z<xn1kx11k>FT)> (222)
n=2 n=2
er=e+N-1 (223)
1 1 N N N
i =0 — svkor! + 2Tr(FnZ:2<xn_1kx1_1k>FT - 2F;<xn_1kxlk.> T 7;<xnkxlk>) (224)
where x,,;, is the kth 2 x 1 sub-vector of x,,.
Next, the optimal distribution over the observation noise precision p is given by
Inge(p) = (Inp(Y,X,0))q, (x) + const. (225)
= (Inp(Y[X, p))q.(x) + Inp(p) + const.. (226)
The expected log likelihood of the observed sequence is given by
N 0 N N N
— T T T\~T
(Inp(YX,0))q,.(x) = 5 Inp— 3 (; Va¥n — 2C lel(xn}yn +C ;(xnxn>(} > + const. (227)
The log prior distribution over p is
Inp(p) = (ro — 1) Inp — sgp. (228)
As expected, p is Gamma-distributed:
4y(p) = Gam(p|7, 9). (229)

The statistics of the optimal distribution are found by collecting terms involving In p and p that appear in 1n gg (p).

F=ro+ N/2 (230

N N N
1
S0+ 5 <ZanI —2C) (xn)ys + CZ(XTLXDCT) : (231)
n=1 n=1 n=1

This concludes the variational M step.

)
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D. QUADRATIC FORMS OF RANDOM VARIABLES

This section derives the decomposition of the quadratic form of parameters under the optimal distribution gg, which appears in
the equations of the proposed filter and smoother. A comprehensive reference on quadratic forms of random variables is [3].
D.1. General result

The general decomposition is given by
(BTATIQ) = (W) T(ANQ) + Zyaq (232)
where we define the covariance term as

Tuna =23 2 (A @ cov[hiy, wi)- (233)

where ¢(i) denotes the transposed ¢th row of matrix W, and the expectations are taken with respect to the optimal distribution
qe(0). In the following subsections, we show that this general expression holds for an arbitrary definition of p(@). First, we
consider the case when the prior over the noise covariance matrix A is conjugate to the priors over the matrices ¥ and (2.
Second, we show that it holds for non-conjugate priors as well, because the variational approximation must involve an induced
factorization between non-conjugate parameters to retain analytic tractability.

D.2. Case 1: Conjugate prior structure

In the first case the prior p(8) is constructed in such a way that the dynamics matrices are conjugate to the noise covariance.
This is a common way of defining the parameter model as it simplifies the approximation, reducing the number of induced
factorizations needed to keep the variational method tractable. Existing literature defines the priors in this way [4] [5] [6].

The prior over the parameters is p(0) = p(A, B, Q)p(C, D, R) where

p(A,B,Q) = p(A|Q)p(B|Q)p(Q) (234)
p(C,D,R) = p(C|R)p(D|R)p(R) (235)

and the conditional and marginal distributions are

H

p(A|Q) = [[N (a0, diag(anms) ™) (236)
h=1
H

p(BIQ) = [[N (b0, diag(8,7) ") (237)
h=1
H

p(Q) = [ [ Gam(7xleq, g0) (238)
h=1
|4

p(CR) = [N (c()|0, diag(v,pu) ") (239)
v=1
14

p(D|R) = HN(d(v)|0adiag((s'upv)il) (240)
v=1
14

p(R) = [[Gam(py|ro, s0). (241)
v=1

The optimal distribution over the parameters that maximizes the lower bound, gg(8), factors naturally into

q9(0) = QQ(A,B,Q)QQ(C,D,R) (242)
= qo(A,B|Q)gs(Q)qe(C,D|R)ge(R) (243)



where

o) () G He) o
biy) \bw) \Zp, =i,/ "

h=1

H
30(Q) = [ [ Gam (7..[én, Gn) (245)
h=1
veom-[1((32) () (& 3+
| HN(( d(v) be Bha) (246)
wR) = HGam (po|Tos 50) - (247)
v=1

Now we inspect an example of a quadratic form of these parameters under the optimal distribution that appears in the proposed
filter and smoother equations. We decompose it using the definition of the quadratic. Note that in the optimal distribution, each
row of A and B are independent from the other rows.

H H
(ATQ™ Z Z Q HAG) b)) Definition of quadratic. (248)
1=15=1
H H
= Z Q(l 5HAx) b ) Linearity of expected value. (249)
=1 j=1

Since the noise covariance is diagonal, the summand is non-zero only when ¢ = j = h:

H
Q 'B) = Z Tha(ny by (250)
h=1

Using standard results of the Normal-Gamma distribution [7], this expected value is

H
(ATQ™'B) = Z<Th>(<a(h)><b(h)>T + covlagyy, b)) (251)
h=1
H H
= () (am)(bw)T + Y (mn)covlag), biy)] (252)
h=1 h=1
H
= (A)"diag((7))(B) + > _(mn)cov[ag), b(y]- (253)
h=1

Finally, since (Q ') = diag((7)), we substitute in the covariance from the optimal distribution and simplify:

(ATQ7'B) = (A) )+ Z Th)cov[ag), biy)] (254)
= (A)N(Q)(B) + Z<m>22b<m>*1 (255)
h=1
H
=A)QNHB)+> =, (256)
= (A)Q H(B) + Zags- (257)

where X 0B = ZhH:1 EZb. An identical result is obtained by starting from the general expression in equation (233).



D.3. Case 2: Non-conjugate prior structure

More generally, we can assume any prior p(0) that is not necessarily constructed from a conjugate pair of Normal and Gamma
distributions. In this case, the optimal distribution gg () will need to be factorized to keep the variational procedure tractable.
Here we assume that only the noise needs to be factored from the dynamics matrices (depending on the prior, it might also be

the case where the dynamics matrices need to be factored from one another):

70(0) = q0(A,B)qe(Q)qe(C,D)ge(R)

(258)

Without detailing any particular prior distributions or resulting optimal distribution forms, it is simple to show that the quadratic

form of these parameters decomposes as follows. Again, we start with the definition of the quadratic.

H H
(ATQ™'B) = (Z Z Q. ])a(y)b(3)> Definition of quadratic.
i=1 j=1
H H
= Z Z<Q&}j)a(i)ba)> Linearity of expected value.
i1 j=1

H H
(ATQ_1B> = Z Z(Q*}(m) (a(i)b(Tj)> Q is independent of A and B.

H H
— Z Z<Q_1>(ivj) ((a(i)><b(j)>T + covlag, b(j)]) Expand the second moment.

H H
= (A)T(Q H(B) + Z Z (l jcov[ag), bey]  Simplify first term with definition of quadratic.

In summary, the quadratic forms of the random parameters under their optimal distributions can be expressed as

(ATQ7'A) = (A)T(Q " )(A) + Baga

(ATQ™'B) = (A)(Q ")(B) + Zugs

(C'TR™'C) = (C)"(R™')(C) + Bcre

(C'R™'D) = (C) (R ')(D) + Zcrp

where we have defined

H H

Saga =Y > (Q Huycovlan,ag)]
i=1 j:l

Xagp = Z Z peoviag, b
=1 j=1

Yoro = Z Z Dagcovie, e )]
1=1 j=1

YcrD = Z Z (Z seoviegy, dj))-
=1 j=1

These have the same form as the general expression given in equation (233).

(259)

(260)

(261)

(262)

(263)

(264)
(265)
(266)
(267)

(268)

(269)

(270)

(271)



E. SCHUR COMPLEMENTS

The Schur complements were used extensively to derive the forward-backward equations. They are given here for reference.

Ay A\ _(En X
A21 A22 221 2:22
Y= (An - A12A2721A21)71

= A + AT A0 A0 AL

Yoo = (A22 - A21A1711A12)71
=A% + Ay AT ApAL

S = AL A1Eg
= —211A12A2_21

S0 = —TopAg ALY
= —A§21A21211

(272)
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(274)

(275)
(276)

Q277)
(278)

(279)
(280)
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