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Introduction

State space models are probabilistic models for sequential
(time-series) data that are used in many applications like target
tracking, finance, audio processing, and neuroscience.

Xn+1 XN

X1 Xn—1 Xn
..... _’ ?_’? _’

Y1 Yn—1 Yn Yn+1 YN

The joint distribution of a state space model is given by

N N
p(Y,X) = p(x1) H p(Xn|Xn-1) H P(Ynlxn)
R,—/ _ _ W—/
Prior Transition Emission
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Introduction - Filtering

Filtering infers the marginal posterior distribution of latent state
X, given all the data up to that point, yy., = {y1,---,¥n}

_ p(Yn|Xn)p(Xn|y1:n71)
p(xn|y1:n) -

p(yn|Y1:n—1)
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Introduction - Gaussian model

Gaussian emission, transition, and initial probabilities are
commonly assumed to simplify state estimation.
» The Kalman filter is an efficient exact inference algorithm for
state space models with Gaussian state and data noise.
X However, the Kalman filter's performance degrades when data
noise is non-Gaussian. Examples:
» outliers, heavy-tailed noise, glint noise, & noise level changes

e Data
= Kalman
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Laplace state space model

The Laplace state space model assumes the data is corrupted by
Laplace-distributed noise with scale R.

B 1 |yn — €y
P(Yn|xn) = L(yn|cxn, R) = R exXp <_ R )

» Heavy-tailed distributions represent outliers well.
» Assuming Laplace noise has proven beneficial for a variety of
non-Gaussian noises.
» Exact inference is not tractable — approximate inference.
X Existing filters for the Laplace model (particle filtering and
variational inference) are inefficient.
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Filtering - Overview

Goal: Compute the marginal posterior of x,,:

P\Yn|Xn )P\ Xn|Y1:n—1
p(yn|ylzn—l)

» Predictive distribution:

p(Xn|y1:n71) = fp(xnlxnfl)p(xnfl|y1:n71)dxn
» Marginal likelihood:

P(nly1:n—1) = [P(YnlXn)P(Xn|y1:n—1)dXs

We can analytically derive the locally-exact marginal pos-
terior for the Laplace model when the predictive distribution
is Gaussian.

Condition is met by converting locally-exact p into a Gaussian:

ﬁ(xn—1|y1:n—1) = N(Xn“l‘na Vn)
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Filter - Predict

The predictive distribution is given by

P(Xn|y1:n—1) = [P(Xn|Xn—1)P(Xn—1|Y1:n—1)dXn—1
= N(Xn|mnfl7 Pnfl) s

where the predictive mean and covariance matrix are, respectively,

myp—1 = Aun—l )
P, 1=AV, AT +Q.

— Identical to Kalman filter prediction step!
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Filter - Update

The marginal likelihood has an analytic, closed-form solution.

p(yn|y1:n71) = fp(yn|xn)p(xn|y1:nfl)dxn
= I‘C(yn|cxn> R)N(Xn|mn717 Pnfl)dxn

o4 + ol ( 72 )
= —————— €exp s
4R

where we define

Yn = Cmy,_1, (filtered data)
gn =Yn — ?/J\n (residual)
S, = an,lcT, (data variance)

VS ]
dE) — of noyo_In
" ercx(\/ﬁ V25,
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Filter - Update

The marginal likelihood has an

p(yn|y1:n71) = fp(yn|xn)p(xn|y1:nfl)dxn
= I‘C(yn|cxn> R)N(Xn|mn717 Pnfl)dxn

where we define

?//\n =Cmy—1,
gn =Yn — ?/J\n
Sy = an,lcT,

Vi
dF) — erf noy_In )
" ercx(@ V23,
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Filter - Update
The locally-exact marginal posterior of state x,,

P(Yn |Xn)P(Xn |Y1:m—1
(1) = (Yn|Xn)P(Xn|Y1:n-1)
P(Yn|Y1:n—1)

has the following expected value and covariance
E[x,] = my,—1 + k0,
cov[Xp, Xp] = Ppo1 + knklAn ,
where we define
k, =P, 1c'R7!,
oh) — ot

b= s
o) + o)
A 1 19, o) [8R?
el ol \ el el VS,
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Filter - Properties
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Figure: The blue, green, and red lines correspond to P,,_1 = R/2, 2R,
and 4R, respectively, and ¢ = 1.
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Filter - Properties

Our moment-matching Gaussian approximation is superior to
variational inference with Gaussian scale mixtures.

» Variational inference is mode-seeking and inclusive, while
moment matching is mean-seeking and exclusive.
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Filter - Nonlinear dynamics

An elegant extension to models with nonlinear dynamics.

Linearize h(.) around the previous state estimate p,,_,

mp—1 = h(un—l)
_dh
B dxn—l

n

Hn—1

Linearize g(.) around the predicted mean m,,_1,

Un = g(mN—l)
dg
Cn - di)(n‘mnfl

Also possible to use the unscented transform.
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Results - Linear

The Laplace state space filter is robust to outliers, periods of
increased noise, and other heavy-tailed noises.

e Data
= Kalman
= |aplace
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Results - Linear

It's faster and provides better approximations to the true posterior
of the Laplace model than existing methods like variational
inference and particle filtering.
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Results - Linear

Performance compared with the Kalman filter, a
variational-inference based Laplace filter, and a bootstrap Particle

filter with multinomial resampling.
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The proposed method outperforms all the others, and with

comparable speed to the Kalman filter.
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Results - Nonlinear

Audio frequency estimation from a noisy sinusoidal oscillation.

On -1+ 21T fr, 1
Xn = fn 5 h(anl) = fnfl , g(xn) = Qn Sin(¢n)-
Qp An—1

Noise increase at n = 100 Impulsive outliers
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Conclusion & Future Work

We presented a new Bayesian filter for state space models with
univariate Laplace data noise that

computes locally-exact posterior moments, propagates them
forward with Gaussian density,

is robust to outliers and a variety of non-Gaussian noises,
is simple to implement and fast like the Kalman filter,

and provides better state estimation than variational Bayes
and particle filtering methods.

Future work:
> Infer from multivariate Laplace-distributed observations.

» Devise smoothing algorithm and automatic learning of
parameters for the Laplace model.
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